We compute quantum corrections for the gravitational potential obtained by including a derivative self-coupling in its classical dynamics as a toy model for analysing quantum gravity in the strong field regime. In particular, we focus on quantum corrections to the classical solutions in the vacuum outside localised matter sources. *
Introduction
In quantum field theory, fundamental forces are associated with the exchange of (virtual) quanta of the interaction fields among matter fields and static potentials only emerge as approximate descriptions for particular configurations. For instance, the linear interaction among fermions in Quantum Electro-Dynamics (QED) is carried by the two polarisations of the massless vector field whose quanta are the photons. The Coulomb potential describing the force acting on a (strictly speaking) static charge then emerges in the non-relativistic limit of the tree-level transition amplitude for the scattering between two charged fermions via the exchange of these (virtual) photons [1] . For extended sources involving many charged particles, the calculation of amplitudes becomes immediately very cumbersome already at the tree level, and things only get worse when nonlinearities stemming from quantum (loop) corrections are included.
The linear Newtonian interaction likewise emerges from a suitable limit for the exchange of spin 2 (virtual) gravitons between two massive particles in the weak field regime. However, according to General Relativity (GR), nonlinearities should already be present at the classical level, which makes explicit quantum calculations for configurations in the strong field regime very difficult, if possible at all. As an effective description of the gravitational force, say applied on a test particle by an extended matter source, one can instead consider the static potential as the mean field generated by that extended source and quantise it canonically. This approach applied to QED leads to the description of a static electric field in terms of the coherent state of (virtual) longitudinal photons [2] . It then appears straightforward that one can quantise the Newtonian potential, which solves the classical Poisson equation, in terms of (virtual) scalar gravitons, in a similar fashion. However, for the purpose of studying the strong field regime of gravity, it is more interesting to try and include some nonlinearities [3] in the classical equation for the gravitational potential (the bootstrapped Newtonian gravity introduced in Refs. [4, 5] ) and then express the resulting solutions in terms of modified coherent states [6, 7] .
In this work, we will instead quantise the bootstrapped potential as a scalar field in order to determine one-loop quantum corrections to its effective field equation. For this purpose, we will first perform a field redefinition to dispose of the derivative self-interaction and then apply heat kernel techniques in order to compute the quantum effective action [8] [9] [10] [11] [12] [13] . Hopefully, this simplified approach to nonlinearities will help to gain some insight about the quantum dynamics of gravity in the strong field regime generated by the presence of matter sources. This paper is organised as follows: in Section 2, we show how we can deal with derivative interactions non-perturbatively by means of a field redefinition that is able to transform the action into a canonical form; in Section 3, we review the unique effective action first introduced in Ref. [8] and which allows us to extend the findings of Section 2 to the quantum level by requiring the quantum action to be covariant off-shell; Section 4 is devoted to the calculation of the quantum action for bootstrapped gravity. We show that the quantum equation of motion is described by a non-local equation in the infrared regime, which is then solved for an idealized point-like source and for a pair of point-like sources; we finally draw some conclusions in Section. 5
Field redefinition
We start by recalling that the action for the bootstrapped Newtonian potential V = V (r) for spherically symmetric systems is given by [ 
where q φ is a (positive) coupling that controls the potential self-interaction and q B is introduced to keep track of the coupling with the matter source of density ρ. 2 We here want to show that the derivative interaction can be transformed into a canonical kinetic term under a field redefinition, which is only possible because the configuration space turns out to have vanishing curvature. This will allow us to quantize the theory non-perturbatively in q φ , although we will still need to invoke perturbation theory in the coupling constant q B to deal with matter interactions. We first rescale the (dimensionless) gravitational potential [6] 
the matter density
and promote the new scalar field φ = φ(x µ ) as well as J B = J B (x µ ) to depend on all spacetime coordinates x µ = (t, x). The generalised bootstrapped action then reads
is the kinetic part containing a derivative self-interaction, and
In order to avoid heavy notation, we also introduced
and
which represents a non-linear coupling to the source J B . The above action contains derivative interactions, which means that the action for the free field is not recovered by simply setting q B = q φ = 0. But one can perform a field redefinition and try to put it in canonical form by diagonalising the whole kinetic Lagrangian density
As can be seen from Eq. (2.9), for φ > 1/2 α the kinetic term changes sign and φ becomes a ghost. For this reason, we will focus on the branch φ < 1/2 α. 3 The dependence on φ inside the brackets that multiply (∂ µ φ) 2 also indicates that the metric in field space is not trivially flat, which can either mean that the field space is curved or that the field space is flat but the chosen coordinate is curvilinear. If the field space is flat, then there exists a field transformation which diagonalises the kinetic term. Reciprocally, should there be a frame where the kinetic term is diagonal, then the field space must be flat. We will show below that this is indeed the case for the Lagrangian density (2.9).
To put the kinetic term in the canonical form, we need a field redefinition ϕ = ψ(φ) such that
which is real and non-singular for 11) and is solved by
where C is an arbitrary integration constant. Upon requiring that the transformation reduces to the identity for α → 0, we obtain
Upon inverting the above relation, we get
which is precisely the relation between the exact "vacuum" solution
and the Newtonian potential
where M is the source mass. 4 This is consistent with the fact that the Newtonian potential has canonical kinetic term. In terms of ϕ, the complete Lagrangian density then reads
where the non-linear couplingξ(ϕ) = ξ(ψ −1 (ϕ)) is given bỹ
Since the interaction terms do not contain any derivatives, the Lagrangian density (2.17) for ϕ can be quantised in the standard way by defining the asymptotic states for the free field ϕ 0 .
Covariant quantum action
The quantisation of the theory will be performed using the one particle irreducible (1PI, or quantum) action. The calculation of the 1PI action in our case is a little subtler than the standard calculations in quantum field theory because of the curvilinear coordinates in the original frame (2.4). In particular, the naive definition of the 1PI action is frame dependent off-shell and can only be used if one is interested in the components of the S-matrix, which are calculated on-shell. On the other hand, we are interested in the dynamics of the off-shell mean field in a given state, whose quantum action would produce non-covariant results. Fortunately, a covariant formulation of the 1PI action exists as it was introduced in Ref. [8] (see also [9] ). In the following, we briefly review such formulation in one-dimensional field space, which is enough for our purposes since the action (2.4) contains only one degree of freedom. The covariant partition function is given by
where v[φ] is an arbitrary covector field satisfying ∇φv[φ] = 1 with ∇φ being the covariant derivative associated with the Levi-Civita connection γ(φ) of the field space, the displacement vector is defined by
is Synge's world function, which is numerically equal to one-half of the square of the geodesic distance between φ andφ. Because v[φ] transforms as a covector and σ(φ, φ) transforms as a covector with respect to its first argument and as a scalar with respect to its second argument, the partition function Z[J] is completely covariant under redefinitions of the background and of the quantum fields. The covariant relation between the background field and the mean field is now given by
instead of the naive relationφ = φ . The displacement vector can be expanded as
where γ(φ) is the one-dimensional Levi-Civita connection in field space, thus one obviously retrieve the naive definitionφ = φ for a vanishing connection. The covariant 1PI action is defined as
is the generating functional of connected diagrams. From Eqs. (3.1) and (3.4), one obtains
To perform the integral in Eq. (3.5), it is best to make the change of variables
By expanding the classical action as a covariant Taylor series
and the quantum action as a loop expansion
one can calculate the quantum action order by order in . At one-loop order, we find
where Tr denotes the functional trace. The only difference with respect to the standard quantum action is the appearance of the functional covariant derivative instead of the standard functional derivative, thus making Γ[φ] a covariant object under field redefinitions.
Quantum action for bootstrapped gravity
The result in the previous section could be applied to the Lagrangian density (2.17) by interpreting J = J B as the auxiliary source. An alternative procedure would rather be to introduce a different auxiliary source J, 5 in which case the partition function would be given by
In this way, J can be simply interpreted like a Lagrange multiplier, which will be set to zero in the end as usual, and needs not necessarily be a physical source. The 1PI action results in
where in the second line we used the redefinition (2.14) and denoted
As it was already pointed out in Section 2, in the new frame the field coordinates are Cartesian. The covariant functional derivative thus reduces to the flat form ∇ ϕ = δ δϕ , and the displacement vector reduces to the coordinate difference in field space
The quantum action to one-loop order then reads
with In the presence of a potential term in ∆, such as P ≡ξ ′′ (φ) J B in Eq. (4.7), the computation of the exact heat kernel becomes highly non-trivial and it is necessary to rely on approximate methods. Different approximation techniques with different scopes of applicability have been developed [10] [11] [12] [13] , the most popular one perhaps being the Schwinger-DeWitt expansion in inverse powers of the field mass. However, the Schwinger-DeWitt expansion obviously breaks down for massless theories, like our action (2.4), only being able to produce the divergent part of the quantum action.
A useful tool to study heat kernels in the absence of a mass term is the covariant perturbation theory [12, 13] , which is based on an asymptotic expansion in terms of spacetime curvatures, fibre bundle curvatures (gauge field strengths) and potential terms and can be seen as a resummation of the Schwinger-DeWitt expansion. In our case, there are no curvatures present, either in spacetime or in field space, and the trace of the heat kernel can only be expanded as a series in the potential term P as
Substituting (4.9) in Eq. (4.8) and changing the order of integration, we find the one-loop contribution to the 1PI action to second order in the potential term P is given bỹ
for ω → 2. Here µ is a normalisation mass necessary to make the logarithm dimensionless and whose arbitrariness reflects the renormalisation arbitrariness of the one-loop effective action. Note that the divergence is proportional to (1 − 3 αφ) −4/3 , whereas the bare action only contains (1 − 3 αφ) 4/3 , which indicates that the theory is non-renormalisable and only makes sense as an effective field theory. Since the only mass parameter present in the theory is the Planck mass m p , one indeed expects that the theory breaks down at energies of the order of m p . Albeit being non-renormalisable, the quantum action can and must be renormalised order by order in the loop expansion in order to produce sensible results. This is done by regardingS[φ, J B ] as the bare action and adding counter-terms in an expansion in powers of , to wit
(4.12)
The ultraviolet divergences in Eq. (4.11) can then be eliminated with the choicẽ
whereS (1) R denotes the action with renormalised coupling constants. Note that we included inS (1) a non-divergent term, which is local and does not contribute to the infrared physics. Thus we can eliminate it via a finite renormalisation for convenience. After renormalisation, the infrared equation of motion is finally given by
The subscript R in the log operator is a reminder that we must impose retarded boundary conditions by replacing the Feynman Green's function with the retarded one. This procedure, albeit seemingly ad-hoc, results from the in-in path integral formalism and it is required in order to obtain a causal evolution for the mean field [12, 14, 15] . Since the field coordinates in the new frame are Cartesian, we have ψ −1 (φ) = ψ −1 (ϕ) . Therefore, solutions to Eq. (4.14) will correspond to corrections to the Newtonian potential in the vacuum state. Since it does not look possible to solve exactly Eq. (4.14), we will expand the solution in powers of the coupling q B asφ = q Bφ (1) + q 2
Bφ
(2) + . . . , (4.15) and solve Eq. (4.14) perturbatively up to second order in q B . For the static potentialφ =φ( x) generated by a static source J B = J B ( x), we find
is the Green function for the Laplace operator ∇ 2 . Moreover, the kernel L of the log operator,
is defined as a pseudo-differential operator acting via the Fourier transform,
Let us now look at some examples. 
A point-like source
The correction at order q 2 B is likewise obtained from Eq. (4.19) and reads
which diverges due to the ultra-localized source (4.23). One instead expects finite results when the Dirac delta is replaced by an extended source (whose radius is greater than the Planck length). This is physically expected because strong quantum gravitational effects become important when one probes Planckian distances and they cannot be accounted for within the realm of effective field theory. Nonetheless, these divergences can be removed by any regularisation method or, formally, by choosing an integration contour which does not enclose the spatial origin. With that in mind, we will drop them out and focus on finite terms, which therefore leads to vanishing corrections for the Newtonian potential (4.24). By mapping ϕ back to the original field φ according to Eq. (2.14), one then precisely recovers the classical solution V c in Eq. (2.15) with M = M 0 . We will show in our next example that the above divergences indeed reflect short-distance effects taking place at Planckian scales by considering two point-like sources. This way, an extended body can be simulated, with the distance between the sources determining the body's size. We will also recover the result that the mass M in the bootstrapped potential is not equal to the proper mass M 0 of the source.
Two point-like sources
We will next solve Eqs. (4.18) and (4.19) for two massive point-like sources of equal mass M 0 /2 located at points of coordinate x 1 and x 2 and contributing to the total source as
(4.26)
Eq. (4.18) gives again the classical Newtonian potential
which reproduces the result in the previous example to first order in q B . For the calculation ofφ (2) , we must point out that the product of quantities evaluated at the same point x i , such as δ( x − x i )φ (1) ( x i ), is ill-defined. This is analogous to the situation of the previous example and only reflects the existence of short-distance effects beyond the grasp of the effective field theory. We will therefore drop single-point quantities and focus on the cross terms of quantities evaluated at x 1 and x 2 . Eq. (4.19) then gives
Finally, the total solution to order q 2 B reads
in which we used Eq. (2.7) to display the original coupling q φ and again set q B = 1 at the end. Note that one recovers the classical Newtonian potential either for q φ = α = 0 or, more formally, when the sources are far away from each other, | x 1 − x 2 | → ∞. At first order in q φ ∼ α we have the classical contribution to the non-linearity introduced in the action (2.5), whereas at third order we find the correction due to (one-loop) quantum gravity. We are also able to interpret the divergences in Eq. (4.25) for a single point-like particle as indeed originated from the limit x 1 → x 2 in Eq. (4.30). Although we still had to deal with the single-point divergences mentioned above, they will presumably yield finite results once a smooth matter source comprising of all macroscopical sources, is used as opposed to a system of point-like sources. Note that the above expression (4.30) more accurately reproduces the classical solution V c in Eq. (2.15) outside an extended source of small compactness G N M 0 ≪ R. In fact, we can consider the distance between the two point sources as the size R of an extended source, that is R ≃ | x 1 − x 2 |, and introduce the modified mass
where the relation between M and M 0 is the same as the one found in Ref. [4] for a uniform star of small compactness, modulo a numerical coefficient of order one. We then obtain
(4.32)
By transforming back to the original frame √ G N φ = V , we then recover the classical bootstrapped potential (2.15) in the vacuum with the mass M now further corrected by a one-loop contribution. 7 We remark that the expression for the mass (4.31) only holds for small compactness of the source (that is for G N M 0 /R ≪ 1) and that M > M 0 is precisely a consequence of the nonlinearity included in the bootstrapped dynamics, as discussed in Refs. [4, 5] .
Finally, we must emphasize that the above solution is non-perturbative in q φ and should reproduce all effects due to the non-linear self-coupling of gravity. On the other hand, the coupling to matter was handled perturbatively. Treating both q φ and q B non-perturbatively is utterly difficult, but one can study non-perturbative effects due to the gravitational self-coupling at the expense of dealing perturbatively with respect to the coupling to matter.
Conclusions
In this paper, we have considered non-linear derivative self-interactions of the Newtonian potential by allowing the first few post-Newtonian terms to take arbitrary values. Such a theory has been called bootstrapped Newtonian gravity. We calculated one-loop quantum corrections to the bootstrapped potential by first promoting the non-relativistic potential to a Lorentz covariant form that allows the application of quantum field theory techniques in intermediate steps. These intermediate calculations are obviously supposed to serve only as a guideline for the quantisation of the complete theory of gravity (e.g. light bending requires a non-scalar gravitational field), thus we must take the non-relativistic limit in the end, which is all we need for our purposes.
We showed that the bootstrapped Newtonian potential is described by a non-local equation of motion in the infrared, which is typical of massless theories. We solved it for a point-like source and a system of two point-like sources. The latter can be thought of as a rough approximation of an extended source. Our results recover Newtonian physics in the limit where the sources are far apart and for vanishing derivative interactions α → 0, as one would expect. The analysis of more realistic situations, such as a smooth extended source, proves much more challenging already at the classical level [5] and will be left for future investigations. In any case, the effective equations of motion together with the resulting quantum bootstrapped potential permits a better understanding of quantum processes taking place at non-perturbative settings which are important for strong field applications.
